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We call a group an R-group when it has the property that each of its simple, 
normal subgroups has a solvable outer-automorphism group. In this paper we 
study R-groups which can be written as the product of two non-.4belian simple 
groups. We show that if G is an R-group which is the product of two non- 
;2belian simple groups, then all the proper normal subgroups of G are solvable. 
\Ve also show that if G is an R-group, G = .-lB where .-l, B are non-Xbelian 
simple groups, Z(G) = I, I + N + G, A’ -CJ G, and / N [ = pk for p a prime, 
then the Sylow p-subgroups of both .-l and B are non-Abelian. This theorem 
restricts the possible normal subgroups of a group that is the product of simple 
groups. Using these and other results we determine all groups, G, which are the 
product of two non-Abelian simple groups, where the order of the Sylon 
2-subgroup of G is less than or equal to 32. We also determine all the groups 
G =- .-1B, where d, B are simple groups with Sylow 2-subgroups dihedral of 
order 8. We determine all groups which are the product of two non-Abelian 
simple groups and which have either Abelian, dihedral, or quasi-dihedral Sylo\\ 
2-subgroups. 
1. INTRODUCTION 
1Ve study R-groups G = .gB, where --1, B are simple groups in which --?I, B 
satisfy the condition that 
If a simple group H 1 CD with =1 = C, B a D, then either 
H=CorH=D. (*) 
Studying groups which are the product of simple groups A and B which 
satisfy this condition, we determine all such products where the Sylow 2-sub- 
group of ,-1 is ilbelian. \Ve also determine all these products where the Sylow 
2-subgroup of .-1 is dihedral or has order less than or equal to 32, at least in 
the case where neither -4 nor B is isomorphic to L,(p), where p is a AIersenne 
prime. 
The notation is standard. Simple means simple non-&4belian. In most places 
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the letter p denotes a prime. G, denotes the Sylow p-subgroup of G. N,(H) 
and C,(H) denote the normalizer and centralizer of H in G, respectively. 
Z(G) denotes the center of G. G’ denotes the commutator subgroup of G. 
1 G 1 denotes the cardinality of the set G. 
S, denotes the symmetric group, r-l, denotes the alternating group on a 
set with n elements. L,(q) is the projective special linear group of degree n 
over a field with q elements. U,(q) is the unitary group of degree n over a field 
with q’ elements. P!+,(q) is the projective symplectic group of degree 4 over 
a field with q elements. A group is said to be of Ree type, if 
(i) G, is Abelian, 
(ii) G has no subgroup of index 2, and 
(iii) there is an involution t in G such that C,(t) =: ,it> ;< F where 
F % L,(q), q > 5. 
For a given group G, the automorphism group, inner automorphism group, 
and outer automorphism group are denoted by Aut(G), Inn(G), and Out(G), 
respectively. M,, is the Mathieu group of degree 11 and J1 is the first Janko 
group. We denote the Schur multiplier of G by M(G). 
-4 section of G is a homomorphic image of a subgroup of G. iL’e say a group 
has sectional 2-rank n, if its Sylow 2-subgroup has a section which is elementary 
Abelian of rank n, but no section of larger rank. 
We use the following theorems, many without explicit reference. 
THEOREM 1 .I [4]. Groups of odd d or er, or twice an odd order, are solvable. 
THEOREM 1.2 [7]. If N is a normal, Abelian subgroup of G, N C G, , and .V 
has a complement in G, , then N has a complement in G. 
THEOREM 1.3 [31]. If G = AB and p 1 / G /, then there are Sylow p-subgroups 
G,, -qI,, B, of G, -4, B, respectively, so that G, = A,B, . 
THEOREM 1.4 [ 171. If G = dB where -4, B Q -1, , then one of the following 
holds : 
(i) G = -4 or B, 
(ii) G % A, , 
(iii) G q -4 x B. 
THEOREM 1.5 [14]. If G = Lp(q) = 9B, where A, B are simple, then either 
G = -4 OY B, or q = 9, and we have the factorization (ii) above: G = L,(9) yv A, , 
A, B - -4,. 
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THEOREM 1.6 [ll]. A group of Ree type has no proper subgroups of prime- 
power index. 
THEOREM 1.7 [ 111. If either G is of Ree type or G is J1 and G = AB where 
-4, B are simple groups, then either G = =1 or G = B. 
THEOREM 1.8 [ 121. If G, contains a maximal subgroup which is elementary 
Sbelian, then the index [G : G’] is even or G, is the direct product of a dihedral 
group with an elementary Abelian group. 
2. PRELIMINARY RESULTS 
The following results are useful in the study of nonsimple R-groups which 
are the product of two non-Abelian simple groups. 
LEMMA 2.1. Suppose that G is an R-group and that G = AB, where A, B 
are simple groups. Then, if 1 -# N I G, IV -CZ G, and G F+ A ;/ B, we have 
(i) N n =1 = N n B =- 1, 
(ii) AN n BN = (A n BN)N = (AN n B)N = (AN n B)(A n BN), 
(iii) 9 n BAY’ - &4N n B, 
(iv) l.-LVnBl =: IiVIIs4nnB~, 
(v) 1 .-LV n BAT / = 1 A n B 1 1 ,L’ 12, 
(vi) I N 1 1 (1 --I I, 1 B I). 
Proof. (i) Suppose 1%’ n A i 1. (A similar argument would work if we had 
assumed N n B F 1.) We must have N > A and N n B = 1. But then N = 
.-I(N n B) =z -4 and we have =2 4 G and A n B = I, thus C,(;Z) <I G and 
C,(;4) n =1 = 1. 
If C,(A) n B -‘- 1, then B C C,(A) and hence, G = -4 x C,(A), C,(,4) w 
(&-1 ,: Cc(4))jA :- Gj_4 a B, and G % -4 x B, which is a contradiction. 
If C,(A) n B = I, B C Aut(A). Since G is an R-group, Out(A) is solvable, 
so B C Inn(A), thus, for every b E B, there exists an a E A so that ba-l E Co(A). 
Hence, G w -4 Y C,(J) a d x B as before. Thus, N n A = 1, and the 
result is established. 
We prove parts (ii)- together. 
Since ll; C _4N n BN L AN, we have AN n BN = N(d n AN n BhT) = 
N(A n BN). Similarly, ANn B.h: = N(dN n B). 
Since G = (=lN)(B1ZI), we have 
I --1 I I B I ~- -z 
1 -4 n B / 
I in: I I BN I _ I -4 I I B I I iv I’ . 
/ANnBNI 1 AN n BN 1 
PRODUCTS OF FINITE SIMPLE GROUPS 71 
Hence, IANnBNI = ]N121AnBI. Since we have AN n BL\- = 
N(AnBN)=N(ANnB)andAnN==BnN=l,wenowhaveANn 
B % B n BN and / AN n B 1 = (1 ,4N n BN I)// N 1 = j L\; j I A n B 1 = 
] A n BN I. Hence, l(L4 n BN)(L4N n B)I = (1 -4 n BN j / AN n B i)/(l(A n 
BN) n (AN n B)l) = (I N 1% I A n B I”)/(] A n B 1) = / N I2 / -4 n B 1 = 
I AN n BN I. Thus, AN n BN = (-4 n BN)(AN n B). 
Since / N j 1 d n B I = 1 A n BN 1 1 I -4 j and 1 A’ 1 1 -4 n B / = 1 dN n B 1 1 
1 B I, we have 1 N / 1 1 d I and 1 B 1. Hence, / :\T 1 I(1 -4 1, 1 B I), completing the proof. 
Remark. This result (and hence the results in this section which depend 
upon it) is true if, instead of assuming that G is an R-group, we assume that 
-4, B have solvable outer-automorphism groups. 
The next lemma establishes a criterion for the existence of nonsimple groups 
which are the product of simple groups. It generalizes a result of Olson [20], 
who obtained the same result with the additional hypothesis that I --I /, 
I B 1 < 20,000. 
LEMM.4 2.2. Suppose that G is an R-group and that G = AB where =1, B 
are simple groups. Then, if G + -4 ;< B, there exists a simple group H, H = CD 
with C a -4 and D % B. 
Proof. Among all the groups which can be written as the product of a group 
isomorphic to -4 and a group isomorphic to B, pick H = CD with C * -4, 
D a B, so that H + A x B and 1 C n D j is maximal. 
If H is simple, we are done. So, suppose 1 + N 4 H. By Lemma 2.1, 
since H $ =i x B, :V n C = N n D = 1 and H/N = (CN/N)(DN/N), 
CNIN z=a C a A, DNl,V + D % B. However, since i(CN/N) n (DN/N)I = 
I(CN n DN)/IL- 1 = I C n D j 1 K 1 > 1 C n D ], this contradicts the maximal 
choice of H, and establishes the result. 
The next few lemmas are very useful in many of the later results. 
LEMhIA 2.3. Suppose that G is an R-group and that G = .-lB where -4, B 
are simple groups. Then, if G + ;2 :< B, there do not exist proper subgroups H 
and K- so that G = H x K. 
Proof. Deny the result. By Lemma 2.1, H n =1 = H n .B = K n ,-1 = 
K n B = 1. \Vithout loss of generality, we can assume / -4 / GFZ 1 H I. Hence, 
IGl>!.-lKi -IdllKl >lHljKI =IGi. So, G=AK. Since we 
then have AK = HK, we have -4 * HandIAl =lHj.Nowwemusthave 
1 B I 2 1 K 1, this gives G = HB = HK, so B % K. But then G a 9 :< B. 
We note the following corollaries of this result. 
COROLLARY 2.4. Suppose that G is an R-group and that G -= -4B, where 
A, B are simple groups. Then Z(G) L D(G), the Frattini subgroup. 
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Proof. Suppose the theorem is false and let G be a minimal counterexample. 
Thus, Z(G) g D(G). Since G is a minimal counterexample, we must have 
D(G) = 1. Now we see [23, Theorem 7.4.141 that Z(G) has a complement. 
That is, there exists a subgroup H so that G = Z(G) ‘/. H. The above result 
then implies G = -II A B, which contradicts the fact that Z(G) f 1. 
COROLLARY 2.5. Suppose that G is an R-group and that G = ,-1B + -1 :,. B, 
where A, B are simple groups. Then, G has a unique maximal normal subgroup. 
(That is, a proper normal subgroup which contains ezler? proper normal subgroup.) 
Proof. If G is simple, the result is obvious. 
Let 1 # M be a maximal normal subgroup of G. Let 1V + G be a normal 
subgroup. We show that 11’ C M. 
If N C$ M, we have G = NM. 
If N A M # 1, we have by induction (N:(N n M)) C (M&N n M)), which 
gives NC M as required. 
If N n M = 1, G =-= N w. M and the above result implies G % --I x B. 
The last result in this section is concerned with the fusion of elements in a 
product. 
LEMMA 2.6. Suppose G = .-1B. Zf s E -4 and / N 1 r / -4 n B /, then s is 
not conjugate to an element of B. 
Proof. Suppose the theorem is false. There exists an element z = ab 
a E A, b E B so that sz E B. Thus, .P* E B and hence .P E B. Thus, .t+ E -Lz n B. 
This is a contradiction, since 1 s / = 1 .ya 1 f 1 .g n B !. 
Note that this lemma remains true if we replace .r by a subgroup of 9. 
However, we never need to use this version of the result. 
3. NORMAL SUBGROUPS 
The results in this section are concerned with the structure of nonsimple 
R-groups, which can be written as the product of two simple subgroups. These 
results can shorten this case in several of the results of Hanes et al. [I l] and 
Scott [24]. 
LEMMA 3.1. Suppose that G is an R-group and that G = AB $ =1 .’ B, 
where A, B are simple groups. If 1lT T= G is a minimal normal subgroup, then 
N is an elementary -!Ibelian p-group for some prime p. 
Proof. Let 1 f _V f G be a minimal normal subgroup of G. Suppose 
s = c, :I ‘. ,‘. c,. ) where the C,‘s are isomorphic non-hbelian simple 
groups. 
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Case I. Y > 1. The proof proceeds in the following sequence of steps. 
I. .~-n-4-n:nB-C,(~i)nB=C,(,~)nB=l. 
Proof. Xs rV Q G and C,(N) + G, the result follows from Lemma 2.1. 
2. Let 6,: -4 + S,. and 0,: B --f S,. be defined b> 
Then OR and 0, are homomorphisms. 
Proof. {C, )...) C,) is precisely the set of normal subgroups of N which 
are isomorphic to C, . Thus, conjugation permutes the Ci’s. And, clearly, 
@,, and 8, are homomorphisms. 
3. Either ker 0,4 = 1 or ker Bs = 1. 
Proof. Suppose ker 8, + 1 and ker 0 B f 1. Since A and B are simple 
groups we must have ker 0, = 4 and ker Ba = B. Hence, -4 and B must 
fix each Ci . Thus, 8, B _C NG(Ci). 
Hence, C, <I G, contrary to the minimality of N, since r > 1. 
4. Contradiction to Case I. 
Proof. Suppose without loss of generality that ker 8, = 1. Then -4 C S, . 
As A is simple we must have A C A, (the alternating group). But now the fact 
that 1 -dr i2 Y: ?-I and / iV I? > 2”” contradicts the fact that / N 1 1 1 9 1, 
Lemma 2.1. 
Case II. r = 1. N is a simple group. Since G is an R-group, N has a solvable 
outer-automorphism group. As in Case I, we have N n -4 = N n B = 
C,(M) n .4 =: C,(N) n B = 1. 
Hence, --I, B C Aut(N). Since Out(N) is solvable and --I, B are simple 
=1, B C Inn(:\J. Hence, for every a E z4, there exists II E N so that an-l E C,(N). 
Since ;Sj>iBi, IN~4~=IMII-4l~lBIl;-I/S/G/, we have 
G == IV-l. However, since NC,(N) 1 &4, this gives G = .VC,(N) = 5’ Y 
C,(N). Kow Lemma 2.3 implies G % -1 ..’ B, a contradiction. 
This completes the proof. 
Remark. This theorem is true if, instead of assuming that G is an R-group, 
we assume -4, B, C have solvable outer-automorphism groups, where C is any 
simple group so that / C 1 1 (1 -4 i, 1 B I). (See the remark after Lemma 2.1.) 
THEoREnr 3.2. Suppose G = rlB + rl x B, where -4, B are simple groups. 
If G is an R-group and N f G is a normal su6group of G, then N is solvable. 
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Proof. From Corollary 2.5, G contains a unique maximal normal subgroup, 
A1. If 111 is a minimal normal subgroup, the result follows from Lemma 3. I. 
Therefore, suppose N is a minimal normal subgroup of G and N < .If. 
By the above lemma N is elementary Abelian. Consider 
so by induction M/N is solvable. Since A’ is solvable, this implies JZ is, and 
hence, all proper normal subgroups are. 
Rem.ark. Note that the proof of this theorem actually shows that we can 
get a chain of normal subgroups 
with NJA’,-r an elementary Abelian pi-group for some prime pi and G/N,. is 
a simple group which is the product of groups isomorphic to -1 and B. 
The next theorem is useful in studying normal subgroups of groups which 
are the product of simple groups. In some sense, it restricts the possible primes 
which can divide the order of a normal subgroup. 
THEOREM 3.3. Suppose that G is an R-group, that G = -3B, where -4, B 
are simple groups, and that N 4 G uith 1 N / == p” for some prime p. If either 
--l,, or B,, is Abelian, then NC Z(G). 
Proof. Suppose rl, is Abelian. There exists rl, and B,, so that G,, = rl,,B,, . 
Since NC d,B,, we can find a, ~-4,~ and bi E B, so that A’ = {jib, ?..., a,6,,: 
with n = ph. 
R’e note the following facts. 
1. -4 n A’ = B A N, from Theorem 2.1. 
2. a, ,..., a,, all lie in distinct left cosets of A n B. Similarly, 6, ,..., 6, 
all lie in distinct right cosets of d n B. 
Proof. If not, there exist i, j so that a;‘ai E -4 n B. But then (6;‘a;‘)(a,j6,) E 
Nn B = 1. Thus, i = j. 
3. Nila, ,..., a+,> = N\/6, ,..., 6,:; = (al ,..., a,‘,<6, ,..., 6,; and <ai ,..., a,!:, = 
<, 6, ,..., 6,:,. 
Proof. (We note that although <\a, ,..., a,;~(.~b, ,..., 6-j is not a priori a 
subgroup, we can still consider cosets of (6, ,..., 6,j in it (e.g., [23, 13.1.11). 
Clearly, N<a, ,..., a,‘; 1 (16, ,..., 6,). Hence, N(a, ,..., a,, > 1Xv<6, ,..., b,‘,. 
Symmetry gives the first equality. This also shows that ,.:a, ,..., ~1, * 6, ,..., b,,;, 
as A’n.4 =- JTn B = 1. 
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From the above we have N(a, ,..., a,> > (a, ,..., a,)(b, ,..., b,). We finish 
this step by showing that these two sets have the same order. Now 
[,.(a1 ,..., u,j(bl ,..., 6,): (b, ,..., b,)] 
= [(a1 ,...) (1,:‘: (a1 )...) a,) n (6, )..., O,:] ;? 1 N 1) 
since all the ai’s lie in distinct cosets with respect to (u, ,..., Q,$ n (b, ,..., !I,,,\. 
This is because they lie in distinct cosets with respect to =i n B. Thus, 
; N / = [N(b, ,..., b,:>: (6, ,..., b,)] 
> [(al ,..., u,‘,~;b, ,..., 6,): (6, ,..., b,)] ;a 1 A’ 1. 
Hence, they are all equalities and j;u, ,..., u&b, ,..., b,)j = j 1V j [(b, ,..., b,,:,i == 
! N;b, ,..., b,J, as required. 
This completes this step by symmetry. 
4. Conclusion. Now (al ,..., a,> = (b, ,..., b,), so both are Abelian. 
s c (q )...) u,)(b, )..., b,) = H. Let 1 f .X = ub E Z(H), u E (‘a, ,..., an), and 
b E (b, ,..., 6%:. (Z(H) # 1 as H is a p-group.) 
Since x and u centralize all the a,‘~, so does 6. As b centralizes all the bi , 
we have b E Z(H). Similarly, a E Z(H). Thus, C,(N) n A f 1 and C,(N) n 
B # 1. Hence, C&V) > A . B = G. Hence, N C Z(G) as required. 
As an example of the use of this theorem we give the following corollary. 
COROLLARY 3.4. Suppose that G is an R-group, that G = AB + .4 x B, 
where A, B are simple groups, and that Z(G) = 1. Then, if all the Sylow sub- 
groups of r;l are Abeliun, G is simple. 
Proof. Suppose that G is not simple. If 1 # N # G is a minimal normal 
subgroup, by the above theorem N C Z(G), a contradiction. 
4. SOME GENERAL RESULTS 
In this section we use the results of the previous sections to obtain some 
general results. First, we give a few preliminary results. 
THEOREM 4.1. If G = L,(q), U,(q), or Ml1 and G = AB, where A, B are 
simple groups, and q is odd, then G = A or G = B. 
Proof. (i) Suppose G = L,(q) with q = pa. From [3] we see that the only 
simple subgroups of G are (1) J%(P~)~ B I 01, (2) UP?, 83 I 01, (3) &(P% B I ~1, 
(4) -4, > 4, 4 , L,(7). 
1. Suppose A = .&(pB), B / 0~. (Note B < a/2 or G = A.) If B = LJpy), 
y i OL, we must have 3y + 38 > 3or and y, /3 1 OL, y, /3 < 0~. The only way this 
can happen is if y = /3 = 0~12. 
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Now since 1 G / = j A / / B l/l A n B 1 we must have P301(P3u - l)(P” - 1) I 
3P3a(P3a/2 - 1)2(P” - 1)‘. This implies that (Ps*/* - I)(PQ - 1) and hence 
that P3&i2 + 1 / 6(P3~” - 1). This says that P3&.‘s + 1 1 12, which contradicts 
the fact that p i> 3 and LY ;: 2. 
If B = ri,(p’), 2y ; (Y, then, again p = y = r/2, and by order considerations 
we must have 
pyp3t -~ I)(P’” ~ I) 13pypsa - I)(p” - 1)“. 
This gives p” +- 1 1 3(p” - 1) and hence p + 1 1 6, a contradiction as p is 
odd and cy is even. 
If B = L,(pv), y / a, we must have 3#I + y > 3&, which is a contradiction 
as /3 < a/2 and y < CL 
If B = -d,, -4, , =1, , or L,(7). since p is odd, we must have p3& := p30, p3B-l, 
P 38+2, a contradiction since /I < 0~. 
2. Suppose =1 =: Cs(ps), 2/? / oi. If B = Lr3(py), 2y / a, we would have 
y = j3 = LX/~. Now as above we can get that pa@ - 1 / 12, a contradiction 
to the fact that p is odd, o[ is even. 
If B = L2(py) or is A,, A,, A,, or L,(7), we get a contradiction exactly 
as in the corresponding part of 1. 
3. Suppose d = L,(ps), ,!I 1 (Y. If B =: L,(pv), y / 01, then y I p ;.z 301, 
contrary to the fact that y, /3 < a. 
If B =m= A, , A,, Jr, or L,(7), then /3, Jo? + 1, or /I + 2 2; 301. The only 
possibility is that CL = 1, /3 = 1. Since p2 1 1 B /, we must have p = 3, and this 
contradicts the fact that ,-1 is simple. 
4. Suppose -4 = --Is, -4,, A,, or L,(7). If B =: A,, A,, -cl;, or L,(7), 
as p3a 1 j G /, we must have p = 3, oi =: 1. But then 13 1 I G 1, a contradiction. 
By the symmetry of _q and B, the proof is complete. 
(ii) Suppose G = Li,(q), y = pa. Th e only possible simple subgroups 
of G are (1) ~3(P8), P I a, (2) J~,(P?, B I 201, (3) 4 , 4 , A, , or L,(7). ( u3( P”) 
never contains a subgroup which is isomorphic to an L3(pm). A Sylow p-sub- 
group of U,(p) is a T.I. set, while a Sylow p-subgroup of L3(pllL) can never 
be a T.I. set.) 
1. Suppose =1 = U,(pa), /I j 01. If B = U,(py), y I CC, then ,8 = y = a/2 
and, as before, we must have 
pyp3* + l)(p”* - 1) I3pyp3Ol% + 1)2(pfi - 1)s 
and hence, p3*f2 - 1 , 12, a contradiction as P is odd and 01 is even. 
PRODUCTS OF FINITE SIMPLE GROUPS 77 
If B = L&Y), y 1 2or, we would have to have y + 3/3 > 3or and thus, /3 = 01. 
If B = A,, A,, A, , or L,(7), we would have to have 301 = 38, 38 + 1, or 
3p $ 2, a contradiction since /3 < 01. 
2. Suppose A = &(~a), ,8 ( 2or. If B = L,(p”), y j 2or, we must have 
3or < /I + y. Suppose without loss of generality that /3 3 301/2. Then as /3 ) 20r, 
we must have fi = 201. Hence, y = a: or 2a. In either case, we must have, 
Hence, 
pyp3* + l)(p*a - 1) 13,,,(,,= - I)‘. 
p3Q + I i 3(p*a - l)(p + I). 
Thus, pea -pa + 1 / 3(pa - l)(p*” + 1)a. However, as (paa -pa + 1, 
p2a + 1) = I, we must have p*” - p” + 1 ( 3, a contradiction as p is odd and 
(Y > 1. 
If B = A,, A,, A,, or L,(7), as before, we must have 3ar = /3, /3 + 1, 
fi + 2, /3 < 2~ The only possibilities are OL = 1, ,8 = 2, with p = 3, 5, 7 
or (Y, ,8 = 1, or (Y = 2, ,8 = 4, with p = 3. These possibilities are ruled out 
by order considerations. 
3. Suppose A = A,, A,, A,, or L,(7). If B = A,, A,, A,, or 
~2(7),a~p3~)lGIandlGl~IA/lBl, we must have p = 3, 01 = 1. But then 
5 7 ) G /, which is a contradiction unless 9, B w L,(7). This contradicts the 
fact that 27 1 1 G j. 
(iii) Suppose G = Mrr . Then IGI =2”.3*.5.11 and G, is quasi- 
dihedral. Suppose G = AB, where d, B are simple groups. Without loss of 
generality, we can assume 11 1 1 A 1. Th en, we must have A hy L,(ll). Con- 
sider B. 
If 1 B, 1 = 2”, then G, = B, and B, is quasi-dihedral. Then, by [1, 21, 
B = AZ,, , L,(q), or U,(q) with 4 odd. If B = Mi, , then G = B = Ml, 
and we are done. Otherwise, we have a contradiction, as 43 1 1 L,(g)1 and ] U,(q)l, 
but not / G I. 
If / B, / = 23, then B, must be dihedral [S, Theorem 54.31. Since G, = A,B, 
and 1 da n B, / = 2, G2 must have at least eight involutions; whereas, it has 
only five. 
Similarly, if 1 B, j = 2*, then G2 = A,B, , 1 A, n B, 1 = 1. This gives G, 
has at least six involutions, again a contradiction. 
This completes the proof. 
THEOREM 4.2. If G = AB, where -4, B are simple groups, and if G, is 
Abelian, then, either G = A, G = B, or G M A x B. 
Proof. Let G be a minimal counterexample. 
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Case I. G is not simple. First, we note that G is an R-group; as, if N is a 
simple group, NC G, then Nz is Abelian, N is a known simple group, and K 
must have a solvable outer-automorphism group. 
Let N be the unique maximal normal subgroup guaranteed by Corollary 2.5. 
If 1 7 M < N, M Q G, then G/M = (AM/M)(BM/M) satisfies the hypoth- 
eses of the theorem. Since G was a minimal counterexample, G/M must satisfy 
the conclusion. As G/M is not simple, this would imply G/M % -4 x B, 
a contradiction. Hence, N is a unique normal subgroup of G. Suppose 1 N 1 == ps 
for some prime p. 
G/N is a simple group which satisfies the conclusion of the theorem, so 
G/h: == ,4N/N or BN/N. Suppose that G = AN. By Corollary 2.4, Z(G) = 1. 
By Theorem 3.3, Sylow p-subgroups of both =1, B must be non-Abelian. 
Since A, B have Abelian Sylow 2-subgroups, this implies that -4, B must be 
groups of Ree type. However, as / N ; = [B : -4 n B] and, by Theorem 1.8, 
Ree groups have no subgroups of prime-power index, this is a contradiction. 
Case II. G is simple. Since Ga is Abelian, G is either L,(Y) for some Y, ji , 
or a group of Ree type. These cases are handled by Theorem 1.5 and Theorem 
1.8. 
THEOREM 4.3. If G = AB, where A, B are simple groups, and G, is a dihedral 
group, then one of the following OCCUYS: 
(i) G = -4 OY B; 
(ii) G = A, , d, B Q -4, ; 
(iii) G = A, , {A, B} ,T {A, , L,(7)} or {A, B} a (A,, L,(7)}; 
(iv) G = A x B. 
Proof. Let G be a minimal counterexample. 
Case I. G is not simple. A simple subgroup of G must have Sylow 2-sub- 
groups which are Abelian or dihedral. Thus, every simple subgroup of G has a 
solvable outer-automorphism group. Hence, G is an R-group. 
Let N be a minimal normal subgroup of G. We show that G/K satisfies 
the hypotheses of the theorem. As G/N = (AN/N)(BN/N), AN/N +z A, 
BN/N w B, this entails showing that the Sylow 2-subgroup of G/N is a dihedral 
group. 
Now N is an elementary Abelian p-group for some prime p. So, if p is odd, 
the Sylow 2-subgroup of G/N is, clearly, isomorphic to the Sylow 2-subgroup 
of G, and hence, must be dihedral. If p = 2, we must have / N j < 4 [8, 
Theorem 54.31. But then NC Z(G) and / N 1 = 2. Hence N = Z(G,) and the 
Sylow 2-subgroup of G/N is G,/N, which is a dihedral group. 
Thus, G/N satisfies the hypotheses of the theorem. As G was a minimal 
counterexample, G/N must satisfy one of the conclusions of the theorem. 
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If G/N = &g6, then A, B * A5 and by Kegel-Liineberg, Theorem 1.4, 
we have a contradiction. 
If G/N = A,, then we can assume without loss of generality that A .a A, 
or A, and B a L,(7). In either case we must have 1 N / 1 24. / N 1 # 8, as G 
does not contain an elementary Abelian group of order 8. 
If j N 1 14, then we must have / N / = 2. (As above, if / N ; = 4, NC Z(G) 
and by the minimality of N, 1 N / = 2.) But then G? = NB, . Now Gashutz’s 
theorem, Theorem 1.2, implies that G = NB = N Y B, a contradiction to 
Lemma 2.3. 
Thus, we must have / N 1 = 3. We can now proceed as above. Since 1 hi / := 3, 
we must have N c Z(G). 
If ,4 % A, ) we get Ga = NA, . Again Gaohutz’s theorem says G = N-4 = 
N x A, which is a contradiction. 
IfA = A,, then I AB /a < 9, a contradiction. 
Hence, we can assume without loss of generality that G = AN. Thus, 
by Corollary 2.4, Z(G) = 1. Hence, we must have / N I = 2” for some s. 
(By Theorem 3.3, a Sylow p-subgroup of -4 must be non-Abelian. If p were 
odd, the Sylow 2-subgroup of A would be a dihedral group.) 
Now the fact that N C Ga implies / N I < 4, again gives an immediate 
contradiction. 
Case II. G is simple. In this case G = L,(q) for 4 = 3, 5 (mod 8) or G = -4, 
[lo], and all the possible products are listed in the conclusion of the theorem. 
(If G = L,(q) we use Theorem 1.5 and if G = -4, , the result is obvious.) 
Thus, G is not a counterexample and the proof is complete. 
THEOREhI 4.4. Suppose G = AB, where A, B are simple groups. If G, is a 
quasi-dihedral group, zve must have either G = A, G = B, or G q A x B. 
Proof. Let G be a minimal counterexample. 
Case I. G is not simple. The Sylow 2-subgroup of a simple subgroup 
of G must be a subgroup of a quasi-dihedral group. Thus, it must be either 
Abelian, dihedral, or quasi-dihedral. Hence, every simple subgroup of G 
must be a known simple group [I, 2, 10, 291, and hence, has a solvable outer- 
automorphism group. Thus, G is an R-group. 
Let N be a minimal normal subgroup of G. 
If j N 1 is odd, then G/N = (AN/iV)(Bhr/N) has quasi-dihedral Sylow 
2-subgroups and is a product of simple groups. Thus, since G was a minimal 
counterexample, we must have either G/N = .4N/N or BN/N. 
Therefore, without loss of generality, we have G = AN, A has quasi-dihedral 
Sylow 2-subgroups, and B C A. 
Since =1 has quasi-dihedral Sylow 2-subgroups, we have A ,a L,(q), U,(q), 
or Mii . By Corollary 2.4, Z(G) = 1. Hence, by Theorem 3.3, if 1 N / = pr, 
then -4 and B must have non-Abelian Sylow p-subgroups. 
481/48/I-6 
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By checking the possible simple subgroups of -4 [3], we see that B must 
be either L,(Y”) or C(YB), where q = I” with p = Y or 3. 
However, a check of the subgroups of B [3] shows that B has no subgroups 
of index a power of 3 or Y, contrary to the fact that I .V 1 = [B : .d n B]. (For 
details see [28].) 
Thus, we ma\- assume : 1V 1 =- 2’. As &V C G, and N is elementarv Abelian. 
we must have 1 N / s’: 4. Thus, i M 1 =- 2, N = Z(G) == Z(G,), as before. 
Thus, G/N -= (,liV/W)(BN/N) has dihedral Splow 2-subgroups and is the 
product of simple groups. Theorem 4.3 implies that 
If G = -4N = =1 :V. then Lemma 2.2 shows that G % A x B, a con- 
tradiction. If G/N = -4, or &4,, we get a contradiction, as in the same case 
of the previous theorem. 
Case II. G is simple. Then G = La(q), C:,(q), for various 4’s or G = M,, , 
[I, 21. Theorem 4.1 shows that we have included all the possible factorizations 
of these groups. 
11.e can combine the previous theorems to get the following result. 
THEOREM 4.5. If G = AB, zchere 9, B are simplegroups, and if 1 G, j ii 32, 
then one of the following occurs: 
(i) G : -4 or B; 
(ii) G % .-l x B; 
(iii) G -= -Is, -4, B e --lS ; 
(iv) G : A, , {A, B} * (A, ,L,(7)) or (A, B} * (-4, ,L,(7)}. 
Proof. Let G be a minimal counterexample. 
Case I. G is not simple. It follows from [I, 2, 5, 10, 291 that all simple 
groups with Sylow 2-subgroups of order less than or equal to 32 have solvable 
outer-automorphism groups. Hence, G is an R-group. 
Let N be a minimal normal subgroup of G. G/N = (SN/N)(BN/N) and 
AN/N ,* -4, BX/b~ a B, as G + -4 >: B. Hence, GIN satisfies the conclusion 
of the theorem. That is, one of the following cases occurs: 
(i) G -= .-1N or BN; 
(ii) G/A’ w -4a , -4, B .= =1, ; 
(iii) G/-V Q. --l, , (A, B) a {d, , L,(7)} or {=1, L,(7)}. 
In (ii), the &gel-Luneberg result, Theorem 1.4, gives a contradiction. 
In (iii), G/A- has dihedral Sylow 2-subgroups. If G has dihedral Sylow 2- 
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subgroups, Theorem 4.3 gives a contradiction. Hence, 1 N 1 = 2. (If 1 LV : < 4, 
NC Z(G) implies 1 N 1 = 2 as e ore. If 1 N / > 8, j G, / 2; 26, a contradiction.) b f 
But now, if we assume B = L,(7), we have G, = NB, , and this implies 
by Theorem 1.2 that G = _VB = ,V Y B. However, now Corollary 2.4 gives a 
contradiction. 
Thus, we are reduced to (i), and we can assume without loss of generality 
that G = AN. Recall that N n -1 = N n B := 1, and thus, B * BN/K C 
G/N = -4. Hence, B C =1. N is an elementary Abelian p-group for some 
prime p. 
Supposep = 2. 
If I X 1 = 23, then i\‘n *-l = 1, makes / -4, : == 2’. This contradicts Lemma 
2.1, which says ~ 1V I ) ! =1 I. 
If i -Y ; 3; 4, we know -\‘c Z(G). which implies G 1 .-1 ;,, -Y and con- 
tradicts Corollary 2.4. 
Thus, p is odd. Again by Corollarr 2.4, Z(G) =- 1. Hence, by Theorem 3.3, 
a Sylow p-subgroup of both -4 and B must be non-Abelian. This implies that 
,-1 and B are either groups of Ree type or V>(q), L3(q) for various q’s, 4 = I’@. 
However, a result of Hanes et al., Theorem 1.8, shows that a group of Ree 
type has no subgroups of prime-power index. .4nd, again, looking at the list 
of subgroup of La(q) [3], we see that La(q) h ave no subgroups of index a power 
of r or a power of 3. (Since I N 1 = p’, and the Sylow p-subgroups of A and B 
must be non-Abelian, we hare p = 3 or Y.) And this contradicts the fact that 
1 .\’ 1 = [B : A-I n B], which would say that B had a subgroup of indes p”. 
Case II. G is simple. Since 1 G, 1 2:. 32, we know that Gz is either 
(i) elementary Abelian, 
(ii) dihedral, 
(iii) quasi-dihedral, or 
(iv) Z, wr Z, . 
By Theorems 4.2, 4.3, 4.4, since G is a counterexample we must have that 
G, is Z, wr Z2 . However, in this case G must be L,(q) or cf3(q) for various q’s 
[I, 21. Theorem 4.1, then, says that G is not a counterexample. 
Before we prove the next result we need the following lemmas. 
LEhrM.4 4.6. If G = dB, =1, B are simple. --l?, B, are dihedral of order 8, 
1 G, 1 = 64, then G + PSp,(q) for odd q. 
Proof. Each of -3 and B is an L2(r) or -q, . 
; PSpa(q), = (q4(q” - l)“(qZ + 1))!2. 
Case I. If A, B are both isomorphic to il, , we must have q = 3, and 
this is easily ruled out since 7 r 1 PSp,(3)j. 
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Case II. Assume without loss of generality that Lg = -4, and B = L,(r). 
T1’e must have 
q4k2 - I)* (q2 + 1) r(r - l)(Y + 1) 23 . 3’ * 5 - 7 . 2 2 I d n B 1 . 
If q : p and r = pa, then we must have either /3 = 401 - 2, 401 - 1, or 
4a. In either case, the above equality cannot hold as a simple argument shows 
that the right-hand side of the equation is larger than the left-hand side, 
If (r, q) = = 1, we must have r ! q” - 1 or q? f I. In either case, we have 
T :< q’ + 1. Suppose q = p’, then we must have pA*-* i Y - 1 or r + 1. In 
either case, we have p41mn < r + 1. Combining these equations gives pal-2 :‘, 
pa* + 2, which is a contradiction unless 01 = I. 
It is also clear that we must have p = 3. (In the other cases, the above equation 
is Pr=-l f pz* + 2, a contradiction.) Now we have G = PSp,(3) and 7 r 1 G (, 
a contradiction. 
Cuse III. Assume without loss of generality that =1 ::: L,(r) and B = L,(s). 
Let q == p’, where p is odd. 
(i) p f r and p f s. In this case, divisibility and inequalities yield a con- 
tradiction. This is also clear, since in this case a Sylow p-subgroup of G would 
be metacyclic (it is a product of two cyclic groups [13]), which is contrary 
to the fact that a Sylow p-subgroup of G contains an elementary Abelian 
subgroup of order q3. 
(ii) p / r and p i s. Mitchell [19], has listed the maximal subgroups of 
PSpp,(q). From his description it is clear that the maximum e such that the 
order of a maximal subgroup is divisible by 1 &(pe)l is such that p’ ~2 q”, 
and that there is a unique conjugacy class of maximal subgroups whose order 
is divisible by ~ L,(q’)~. These have order 2 j L2(q’)1. 
Since L,(q’) has no subgroups of index 2, this implies that G has at most 
one conjugacy class of subgroups isomorphic to L,(qz). This is clearly a con- 
tradiction. 
(iii) p r and p f s. (The remaining case is similar.) In this case we have 
As before (~“1 .- 1, p?h + 1) = 2 and (r ~ 1, r f 1) = 2, so \ve have 
s I p‘3a - 1 or ~2,~ - 1. By a remark in the above case we also must have 
p’ ‘s- 1 orsf 1. 
Hence, pzX - 1 :L s. If s 1 p-e - 1, then s = ptm -- 1, contrary to the fact 
that s is odd. In case s 1 pz* + 1, since paa - 1 :.< s, we must have s = paa 1 1, 
again contradicting the fact that s is odd. 
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LEMMA 4.1. Let G be a simple group. Suppose G = AB, where A, B are 
simple groups with Sylow 2-subgroups dihedral of order 8. Then G has sectional 
2-rank <4. 
Proof. If -4? n B, + 1, 1 G2 j < 2j and the result follows as Ga is not 
Abelian. Thus, we can assume G, = A,B, , where .4? , B, are dihedral of 
order 8 and A, n B, = 1. 
Suppose G has sectional 2-rank 5. 
Case I. There exists M 4 G- such that G.J:VI is elementary Abelian of 
order 25. 
Then G.JM = (AS~~/~~Z)(B,n~/n3) implies that if X, y are elements of order 4 
in -4, , B, , respectively, then P = y? E M. Hence, M C -4, n B, , a contradic- 
tion. 
Case II. Suppose there exists an M, elementary Abelian of order 25, 
ICI C G, _ In this case G, has a maximal, elementary Abelian subgroup and 
we are in a position where we can apply a result of Harada, Theorem 1.9. 
Thus, since G is simple, G, is the direct product of a dihedral group and an 
elementary Abelian group. 
Since G2 has no elements of order 8, we must have that each of these factors 
has order 8. Thus, 1 G,’ 1 = 2. However, G,’ > (~a, y’), where IV, y are elements 
of order 4 in A,, B, , respectively. This is a contradiction as -4, n B, = 1. 
THEOREM 4.8. Assume G = AB, where A, B are simple groups with Sylow 
2-subgroups dihedral of order 8. Then, one of the following occurs: 
(i) G=AorB; 
(ii) G = d, , (A, B} m (A, ,L,(7)); 
(iii) G = -4, , {A B} * {A, > L,(7)}, i-4, B) * {A, ,L,(7)>; 
(iv) G = Hol(Ze3), -4, B e L,(7); 
(4 G e A x B. 
Proof. Let G be a minimal counterexample. 
Case I. G is not simple. Let C be a simple normal subgroup of G. By 
Lemma2.1, I Cl 1 I A], so C has a solvable outer-automorphism group. Thus, 
G is an R-group. 
Let N be a minimal normal subgroup of G. As G F+ A x B, we have from 
Lemma 2.1, that N n A = N n B = 1. Then G/N satisfies the hypotheses 
of the theorem, as G/N = (AN/N)(BN/N) and AN/N m A, BN/N = B. 
If G/N is not simple, we must have, since G is a minimal counterexample, 
that either G/N SY. rZ x B or G/N = Hol(Za3), A, B w L,(7). Clearly, G/N + 
A x B. If A, B w L,(7) and G is not simple, from [l l] we see that G M A x B 
or G = Hol(Z,a). This is a contradiction. 
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Hence, G/N is simple and N is a unique normal subgroup of G. 
By Lemma 3.1, N is an elementary Abelian p-group. If LV =; Z(G), by 
Theorem 3.3, we must have j N 1 -= 23, C,(nr) = S. Thus, A, B C Aut(iV) % 
L,(7). But then A;I, B .% L,(7) and we have, as before, G = Hol(Z,“), a con- 
tradiction. Thus, A: -: Z(G). 
Now we see that G/X is neither -1 nor B, for in either case we would have 
without loss of generality that G = .&V = -4 ..: S, as N mm= Z(G). But then 
Corollary 2.4 gives a contradiction. 
If G/N := 9,, as M(G/N) =-- Z, and G’ = G, G is a representation group 
of G/N. Hence, / :V ~ =~ 2. This contradicts the fact that 1 Ge 1 :g 26. 
If G/N = -4,. since M(G/N) = M(-$) = 6, we must have ! G, 1 :< 24. 
Thus, G is the product of simple groups and has Sylow 2-subgroup of order 
less than or equal to 32. Thus, Theorem 4.5 implies that G is not a counter- 
example. 
This completes Case I, all the possibilities having been exhausted. 
Case II. G is simple. By Theorem 4.5, as G is a counterexample we must 
have 1 --I, n B, 1 ==~ 1. Now by Lemma 4.7 G has sectional 2-rank <4. 
Thus, G belongs to the list of all such simple groups [9]. First, we note 
that Ga can contain no elements of order 16. For, if .t I = 16, then x8 E --I, n 
B, = 1, a contradiction. 
-Thus, Ge is not a dihedral or quasi-dihedral group. The fact that ! G, :: 2s 
implies Ge is not wreathed. Thus, G is not L,(g), L,(q), U,(q) for odd 9. 
The fact that 1 Gz 1 mu= 26 leaves only the following possibilities for G: 
(i) G,(q), the Dickson simple group, D,-(q), PSpip,(g), for odd charac- 
teristic; 
(ii) S,-(8), L,(4), cT3(4), for even characteristic; 
(iii) -4s , d, , alternating; 
(iv) -W1, , for sporadic groups. 
Recall that by Lemma 2.6 and the fact that 1 J n B 1 is odd, G had more 
than one class of involutions. This removes the possibility that G is G,(q), 
L,(4), U,(4), Sz(S), D,‘(q), [6, 261; G = PSp,(q) is ruled out by Lemma 4.6. 
Now 1 Mu, 1 = 64 . 27 . 5 . 11. 1Ve first note that as d, c M,, , 9, B must 
be L,(p”) for various odd p’s. L,(27) q M~z . Hence, d, i uv -4, , which is 
absurd. 
Now / d, = 64 81 5 7. The subgroups -4, B must be isomorphic to 
either ;?1, or L,(q) where 4 s 1 or 7 (mod 8). In this case we have the following 
possibilities: =1, , =1,, L,(7), L,(Sl). L,(81) Q da, so the only possible -4, B’s 
are 9 7 1 43 > b(7). 
Since 3-’ 1 1 d, 1 and 35 7 / -4, ,, --f6 1 and 3’ f L,(7)l, neither .-i nor R can 
be L,(7). However, as -i, contains only one conjugacy class of subgroups 
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isomorphic to ‘4, , none of the possible products could be -4s . (The possibilities 
are -4, ’ A, and A, . -4, , but 9, is conjugate to a subgroup of A, and d, is 
conjugate to -4, , so none of these products could be =1, .) 
Elementary considerations, as above, applied to ;1,, show that we have 
all the acceptable factorizations of --I,. This completes the proof. We state 
the following immediate corollary. 
COROLLARY 4.9. (i) If G = dB, where (-4, B) .a (.46, .17}, then G = -4, 
G = B, or G = rl ,b’ B. 
(ii) If G = AB, where 9 .- {=1, -1,) and R = L,(7), then either, G =- 
-47=-4;G=~4,,,4=-~~;G=.~~,_4=~-170rAg;orG~.4~B. 
5. A SPECIAL CASE 
In this section we study R-groups which are the product of simple groups 
.-I, B, which satisfy the additional hypothesis: 
If H is a simple group, H = CD where =3 * C, B a D, then H = C or D. (*) 
The results in this section generalize a result of Hanes et al. [ll]. 
THEOREM 5.1. Suppose that G is an R-group and G = AB, where A, B are 
simple groups which sati& (*). If -4, is Bbelian, then G = -4, G = B, or 
G % a4 Y B. 
Proof. Let G be a minimal counterexample. Then G is not simple and, 
clearly, G has a unique normal subgroup N such that G = Z4N or BN, 1 N / = pk. 
Thus, by Corollary 2.4, Z(G) = 1. H ence, by Theorem 3.3, 4, and B, are 
both non-Abelian. Since 4 has Abelian Sylow 2-subgroups, it follows that .I 
is a group of Ree type and p = 3. 
If G = BN, then / N 1 = 1 =2 1,’ A n B 1 and the fact that -4 has no sub- 
groups of prime-power index, Theorem 1.8, gives a contradiction. 
If G = 9N, 1 G, / = 23 and the result follows from Theorem 4.5. However, 
in this case it is no more trouble to note that since i B, 1 .< 23 and B, has non- 
Abelian Sylow 3-subgroups, B is a group of Ree type. This gives a contradiction 
as before. 
THEI)REM 5.2. Suppose G is an R-group and G == AB, where -4, B are simpIe 
groups which satisfy (*). Suppose, also, that d, is dihedral and neither A nor B 
is isomorphic to an L,(p), where p is a Mmenne prime, mless I ;f, 1 z< 16. Then, 
one of the following occurs: 
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(i) G-JOY B; 
(ii) G = Hol(Za3), A, B 2 L,(7); 
(iii) G % .-1 x B. 
Proof. Let G be a minimal counterexample. As before, G is not simple, 
G has a unique normal subgroup N’, G = r2N or BN, Z(G) = 1, and N is an 
elementary Abelian 2-group. 
Case I. G = BN. Then / N 1 = [ -4 I/l A r\ B / and A has a subgroup 
with an index that is a power of 2. Clearly, 4 is not A, . A small amount of 
number theory (and [13, p. 2131) h s ow that L&P), p odd, has no subgroup 
with an index that is a power of 2 unless m = 1 and p + 1 is a power of 2. 
That is, p is a Mersenne prime. 
By the hypothesis this makes i A, / < 2A. As 9 e L,(p), where p is a 
RIersenne prime, this makes d a L,(7), ] h’ / = 23. Hence, B C Aut(N) e 
L,(7). Thus, B e L,(7), also. Hence, by [II], G = Hol(Za3) and G is not a 
counterexample. 
Case II. G = dN. Now we have rlz B. So 8,2 B, . Thus, B, is Abelian 
or dihedral. If B, is Abelian the result follows from Theorem 5.1. In the other 
case B, is dihedral and the result follows as in Case I. (Since if p is a Mersenne 
prime bigger than 7, we have 1 B? I > 25 > 2’ 3 j A, I.) 
THEoREal 5.3. Suppose G is an R-group and G = 9B where A, B are simple 
groups which satisfy (*). Suppose, also, that A, B satisfy I A, 1 < 32 and neither 
-4 n.0~ B is isomorphic to La(31). Then, one of the following OCCUYS: 
(i) G =_ &4 OY B, 
(ii) G = Hol(Za3), 
(iii) G e A x B. 
Proof. Let G be a minimal counterexample. Again, as before, G is not 
simple, G has a unique normal subgroup N such that either G = AN or BN, 
and Z(G) =- 1. 
From Theorem 5.1, we see that neither A, nor B, is Abelian. 
We next note that neither A nor B can be an L2(p), where p is a Mersenne 
prime. 
If A k L,(p), where p is a Mersenne prime, as 1 A, ] < 32 and A + L,(31), 
we must have 1 -4, ] = 23. Now Theorem 5.2 says that G is not a counter- 
example. 
Suppose B a L*(p), where p is a Mersenne prime. If G = Ah’, we have 
.I 2 B. Hence, I B, / < 32, and we get a contradiction, as above. If G = BN, 
we have B r> A. By Huppert [13, Satz 11.8.271, this is impossible. 
Now Theorem 5.2 implies that 4, , B, are not dihedral groups. Thus, iz 
must be either &lit , or L,(q), U3(q) for various 4’s. 
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Case I. G = BN. If A = Ml, , then 1 N j = 2” for some S. Since G = BN, 
we have [A : A n B] = 2”, a contradiction. 
If A = L,(q), U,(q) for q odd, then / N 1 = 2”, 3”, or pS for some S, where 
q = pr. If [ N / = 3”, pS, this is a contradiction as it is easily seen that A has 
no subgroup of these indices [3, check list]. 
If 1 N 1 z 2” as C,(N) = N, we have A, B C&(2). (Recall 1 N 1 1 / -4 i.) 
/ L,(2)1 = 21° 3’ . 5 . 7 31, a contradiction as q3 1 ! L,(q)1 and q3 1 I U,(q)l. 
Case II. G = AN. Now we have A ? B. Hence, 1 B, / < 25 and we are 
in exactly the same position as in Case I. The result follows. 
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